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Theoretical Stability Derivatives
for a Ducted Propeller
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In the present paper the static force and moment coefficients at angle of attack and their
dynamic pitching derivatives are given for an isolated ducted propeller. These result from a
potential flow analysis that is based upon Fourier expansion of the vorticity distribution. The
analysis offers a valid technigue for combining existing theory for ring wings at angle of attack
and ducted propellers in axial flow. The propeller is represented as a uniformly loaded actu-
ator disk, and the effects of duct chord-to-diameter ratio, circular arc camber, taper, and
thickness are shown for the duct coefficients and their pitching derivatives. The details of
the mathematical development appear in the comprehensive Vidya Technical Report 112.
The static coefficients reduce to those previously obtained by Burrgraf for a short, thin, cylin-
drical duct and uniform actuator disk; and when both the actuator disk loading and free-
stream angle of attack become small, the coefficients reduce to those obtained by Weissinger
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for a ring wing. The new results consist of the static coefficients and the dynamic pitching
derivatives for a duct with camber, taper, thickness, and increased chord.

Nomenclature

A = area of duct exit plane, #D?%/4

A, = actuator disk area equal to local internal cross-
sectional area of duct, #Dp*/4

Cn = pitching moment coefficient, 20 /DAq,

Cx = normal-force coeflicient, N /4 ¢

Crpwpy = thrust coefficient of propeller or actuator disk, Tr(p)/
Ao

c = duct force or moment coefficient or stability deriva-
tive, Eqs. (5-8), and Egs. (10-13), e.g, Cn, =
0C,/ e, Cp, = 3C,/)(Dq/Vy), Cngy = ACw/
A D/ Vy)

¢ = chord length of duct

D = diameter of thin cylindrical duct and actuator disk,
or diameter of exit plane for duct with thickness,
camber, or taper

D, = propeller diameter for duct with thickness, camber, or
taper; for thin cylindrical duet D, = D

I = functions of ¢/D, Eqgs. (5-13)

Mpp) = aerodynamic pitching moment on the duct in the
presence of a propeller represented as an actuator
disk; positive clockwise in Fig. 1 about the duct
midchord diameter

Np(p)y = normalforce component on the duct in the presence
of a propeller, Fig. 1

Ap = actuator disk loading or pressure jump

q = pitching rate, rad/sec, Fig. 1

17 = freestream dynamic pressure, ($)oV,?

R = duct radius, D/2

R, R, = duct shape coefficients, Eq. (14)

rs, zs = coordinates of surface of cambered or tapered duct,
Fig. 6

Vs = freestream velocity, Fig. 1

Vi, V. = axial and radial components of Vi, Fig. 1

V; = axial velocity component in slipstream, Fig. 1

@ = freestream angle of attack, rad, Fig. 1

P = fluid density, slug/ft?

maximum duct profile thickness is ¢
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Subscripts

DP ducted actuator disk combination

[

D(P) duct in the presence of a propeller represented as a
uniformly loaded actuator disk

h = hovering flight condition with Vo = ¢ = 0

N = component of moment due to N

P(D) = propeller represented as a uniformly loaded actuator
disk, shrouded by a duct

T = component of moment due to T’

1. Introduction

Y adding a duct or shroud to a propeller one can generate
a thrust force on the duct and increase the flow rate
through the propeller during axial flight and particularly
during hovering flight. If the propeller is properly designed
to operate within the duct, the propulsive efficiency can in-
crease with the flow rate for the same total thrust force on
the duct and propeller. Furthermore, the decreased loading
on the propeller blades can alleviate compressibility effects,
cavitation, and noise generation.

At angle of attack, the ducted propeller generates much
more lift force than an open propeller. Because of mutual
interference the lift force on the ducted propeller can be even
larger than on a ring wing and propeller that are separated
from each other. The relatively large lift and thrust forces
that can be generated by a ducted propeller, as compared with
an open propeller of equal diameter, make it an attractive
device for use on VTOL aircraft.

The benefits of increasing the flow rate by ducting a pro-
peller were first demonstrated in 1931 by the experiments
of Stipa in Italy and in 1940 by the analysis of Dickmann in
Germany.! In recent years with the advent of hovering
flight, vertical takeoff, and sustained travel underwater,
ducted propellers have received considerable attention, par-
ticularly by experimental investigators as reviewed in Ref. 2.

Because of its mathematical complexity, the analysis of
the ducted propeller has lagged far behind experiment.
However, a rigorous, self-consistent theory is now emerging
for steady axial flow.3=5 This theory is based upon the
classical method of singularities in three dimensions and is
restricted to light duct and propeller loading (i.e., small
perturbations).

An approximate theory for steady flow at angle of attack
has been developed by Burggraf® where the ducted propeller
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Fig. 1 Nomenclature for pure-pitch flight condition.

is represented as a short, thin, cylindrical duct with a uni-
formly loaded actuator disk across its exit plane. This
analysis has been extended in Ref. 7 to include pitching and
plunging motions and propellers with finite blades, where a
comparison with the applicable experimental data and a
calculative example of the over-all dynamie characteristics
of a torpedo-like hull with a ducted propelier are also given.

An analysis has been made of an isolated ducted propeller
of less restricted shape than that described in Refs. 6 and 7.
The results of this analysis are summarized herein. These
results will be compared with the approximate relations previ-
ously obtained for short eylindrical ducts. Included in this
paper are the duct-to-disk thrust ratio for hovering and axial
flight, the force and moment coefficients of the duct for
steady flight at angle of attack, and the stability derivatives
of the duect for pitching motion. The results are given first
for a duct that is thin and cylindrical but not necessarily
short. The effects of duct camber, taper, and thickness are
then considered.

The analysis makes extensive use of previous analytical
results for an isolated ring wing 2~ and a ducted pro-
peller, 1 4 5 11 but differs from these analyses in the following
respects. The effects of an actuator disk and pitching mo-
tion are incorporated into the analysis of Refs. 8-10; further-
more, since the ducted actuator disk is not restricted to small
angles of attack and light loading, the axial velocity self-
induced by the duct vorticity is not neglected. The effect
of pitching motion is added in Ref. 1. Axial flow and light
loading are not assumed as in Refs. 4, 5, and 11. References
4 and 5 include the effects of finite propeller blades with non-
uniform blade loading and tip clearance, which are not con-
sidered here.

2. Method of Approach

The results to be given were obtained by analysis of the
flow model shown in Fig. 1. The aerodynamic force and
moment acting on the duct in the presence of the propeller
are found by assuming the duct to be a thin cylinder and by
representing the propeller as a uniformly loaded actuator
disk. The disk is located at the duect inlet for convenience,
since the results for a thin cylindrical duet are independent
of disk location within the duct.” For duects with camber,
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taper, or thickness, the disk location is an important variable
as shown in Sec. 4.

By the method of singularities the vorticity distribution
bound to the duct and trailing from it is found in terms of a
Fourier series for the “pure pitch” flight condition shown in
Fig. 1. A boundary condition is imposed and the Kutta-
Joukowski condition is satisfied by specifying that there be
no flow through the duct surface or across its trailing edge.
The pure pitch flow field is composed of the three additive
components shown in Fig. 1: 1) that induced by the actu-
ator disk for hovering flight with V, = ¢ = zero; 2) that gener-
ated by the freestream V, at angle of attack «g over the duct
alone (or ring wing); and 3) that for the duct alone, because
of its pitching motion, or angular velocity ¢ about the mid-
chord diameter perpendicular to V,. It can be seen that
the pure pitch flow field is equivalent to that for a ducted
actuator disk mounted at angle ap on an arm of radius Vy/g
rotating through still fluid with angular velocity ¢.

The three flow fields are additive because of the analytical
agsumption that all of the vorticity shed by both the actu-
ator disk and the duct is always concentrated on a circular
cylinder which extends axially downstream, even at angle of
attack, as in Refs. 1 and 11. Since the three flow fields are
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ratio, Egs. (5-9), Table 1.
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additive, existing ducted-propeller theory can be used to
obtain the first flow-field component, and existing ring-wing
theory to obtain the second two components. Because of the
assumptions regarding the wake, the actuator disk loading
must be large at high angles of attack in order to produce a
high-velocity slipstream that remains nearly aligned with
the duct axis. In other words, the slipstream velocity must
be large compared with the cross-flow component of the
freestream, or V; > V; sina,. We also assume that the
vortex cylinder shed by the disk is of constant strength v
as in Refs. 1, 6, 7, and 11. This assumption is more valid
for a ducted propeller than an isolated propeller.

The analysis assumes that the fluid is inviscid and incom-
pressible. The duect boundary layer, frictional drag, and the
possibility of flow separation are not considered here, but
the boundary layer has been considered previously for a ring
wing.10 12
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STABILITY DERIVATIVES FOR A DUCTED PROPELLER 205

For any combination of the three flow fields, the net force
and moment on the duct is found by integration of the sur-
face pressure distribution including the leading-edge singu-
larity. For the freestream at angle of attack and with no
pitching motion, the static force and moment coeflicients are
obtained. In the detailed analysis®® the pitching derivatives
are found from the pure piteh flight condition by the following
procedure. For the pure pitch flight condition it is found
that the force and moment coefficients are all proportional
to the pitch rate ¢ except for the thrust force coefficient.
Partial differentiation of the force and moment coefficients
with respect to ¢, holding Vo, v, and «p constant gives the sta-
bility derivatives due to pitch which are given herein. In
the final expression for the pitching derivative of the thrust
coefficient, ¢ is set equal to zero. Thus, except for the
thrust coeflicient, the duct force and moment coefficients due
to pitch are equal to the pitching derivatives given herein
times Dgq/V,, the dimensionless pitch rate.

The duct force is composed of two components, axial
thrust and normal force. The duect pitching moment is
about the duet midchord diameter (Fig. 1) and is composed
of components due to the thrust and normal force.

The coefficients and pitching derivatives for a thin eylindri-
cal duct depend upon only the chord-to-diameter ratio of the
duet ¢/D, the angle of attack ay, and the ratio v/V, that is
expressed in terms of the propeller thrust coefficient.

The present analysis gives the force and moment of the
duct in the presence of an actuator disk with a specified
uniform loading. The forces and moments on a propeller
having finite blades and located within a duct are considered
in Ref. 7 and shown to be negligibly small compared with
those on a duet (with ¢ = 0.2D), except for the propeller
thrust force and the pitching moment on the propeller due to
pitching motion. Duct interference on the propeller can
markedly effect the latter moment to increase the damping
of the pitching motion.”

Since the pure pitch motion is steady in time, the apparent
mass or plunging (&) derivatives are not given by the present
analysis. A formula for the apparent mass of a short duct
is given in Ref. 7, however. Calculative examples for typical
torpedo and VTOL configurations in the comprehensive re-
port from which the present results are taken® indicated that
the apparent mass of the ducted propellers for such vehicles
probably do not damp their motion appreciably, that is, there
is little contribution to Crmy 4 Cin -

Summarizing the initial assumptions described above,
we have 1) a thin cylindrical duct with a uniformly loaded
actuator disk of equal diameter, 2) potential flow steady in
time, 3) constant actuator disk vorticity v, and 4) V; > V,
sineyp, with all trailing vorticity placed on a cireular cylinder
aligned with the duct axis, so that various flow fields can be
added to form the pure pitch flight condition.

3. Analytical Results for a Thin Cylindrical
Duct

The results for forces, moments, and stability derivatives
were obtained by solving for the coefficients of Fourier series
representing the duct-bound vorticity distribution. The
solution utilizes influence coefficients which have been ma-
chine computed and listed in Refs. 5 and 10. Since the com-
plete set of coefficients is available only for duct chord-to-
diameter ratios of 0.5 and 1.0, most of the results presented
herein are given only for these two values. For axial flow
the coefficients are also available for chord-to-diameter ratios
of 0.25, 0.75, 1.5, and 2.0. However, with the linearized
analysis of Ref. 7 for small chord-to-diameter ratios, the re-
sults of which are plotted as dashed lines in Figs. 2 and 3,
one can interpolate to obtain the stability derivatives for a
duct having any chord-to-diameter ratio within the range of
practical interest.
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Table 1 Computed functions of duct chord-to-diameter
ratio for a thin eylindrical duet

¢/D 0.5 1.0

. 3.075 3.694
s 0.530 0.552
s 1.893 1.988
71 0.916 0.967
A 0.214 0.598
7s 1.499 1.466
i 1.862 1.961
s 1.437 1.434
o 0.498 1.195
fio 1.602 2.455
fu 0.329 1.104
iz 0.074 0.664
fis 0.120 0.037
fre 0.162 0.544

The static coefficients and stability derivatives depend on
the ratio of the vorticity shed from the actuator disk and the
freestream velocity ~v/Vo. This ratio can be expressed in
terms of the actuator disk loading by use of Bernoulli’s equa-
tion far ahead and behind the actuator disk, neglecting the
swirl velocity in the duct wake shown in Fig. 1. This pro-
cedure gives

v/Vo = (Crppy + 1)V2 — cosag )

where
CTP(D) = Ap/q

3.1 Hovering Thrust Ratio

For hovering flight (V, = ¢ = 0) the propeller thrust can be
evaluated from Fq. (1) as

Tppy = wD%4 pv?/2 2)

The ratio of duct to propeller thrust given by the present
analysis for hovering is

Towey/Tron = fi 3

where f, is given in Table 1 and plotted vs ¢/D in Fig. 2. For
short ducts, Eq. (3) reduces to the limiting value given in
Refs. 6 and 7 forc << D:

TpPy 2c< 16D )2
R O ) 4
TP(D);, 1rD c ( )

This result is shown dashed in Fig. 2. Equations (3) and (4)
agree within 109, for ¢ < (3)D. The asymptotic value of
the thrust ratio for ¢/D — o ig unity for a thin eylindrical
ducted actuator disk according to simple momentum theory
based upon plausible assumptions regarding the slipstream.?

3.2 Force and Moment Coefficients at Angle of Attack

For steady flow at angle of attack (¢ = 0) the analysis
gives the following static force and moment coefficients for
a thin cylindrical duct:

CND(p) = f1 Sina() COSQ (1 + L f2> (5)

- Vo cosap
. Y \?
CTD(P) = f3 sin%ap 4 f4 7 (6)
0

Conx)pry, = f5 SiDatecos ap (4 + ﬁ fs) (1)

0 )

Y .

Conrdow = Vo sinay fr ®)

The values of the coeflicients are given in Table 1 and plotted
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Fig. 4 Duct thrust and center of pressure at angle of
attack for a thin cylindrical duct, Eqs. (6) and (8).

vs ¢/D in Fig. 2 together with their limiting values for ¢ < D
from Ref. 7 which are shown dashed. The latter two equa-
tions give the pitching moments about the duct center due to
the normal and thrust forces, respectively.

The displacement of the duct thrust force from the axis
Z can be found by division of Eq. (8) by (6) as

7 3 3 -1 -1

where f; is given in Table 1 and Fig. 2. Similarly the center
of pressure of the duct normal force can be found by division
of Eq. (7) by (6). The thrust and normal force coefficients
for the duct together with their centers of pressure are
plotted in Figs. 4 and 5.

3.3 Pitching Stability Derivatives

The force and moment on the duct due to its pitching
motion about its own center are given by the following sta-
bility derivatives, which are defined in the Nomenclature
and Sec. 2.

_ s
CNq)p(p) = COSQy (fs + ———Vo coScts f10> 10)
(CTq)D(P) = - Sinaofil (11)

(Cqu)D(P) = €08ty <_f12 + __'Y__ f13> (12)

Vo COSQy
(Cmrq)mp) = - %fm (13)

The f. coeflicients in these equations are given in Table 1
and are plotted in Fig. 3 together with their limiting values
for ¢ < D from Ref. 7 which are shown dashed.
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The forces and moments due to pitching from Eqs. (10-
13) are additive to those from Eqs. (5-8) at angle of attack.
For example, during pure pitch flight, the total normal force
coefficient for the duct is

CND(p) = f1 sinao COSoy <]. + 47—— f2> +

Vo COSoYp
Y g Pe
Vo cosao” ') Vo

cosay <f9 +

4. Effect of Circular Camber, Taper, and
Thickness

The effects of duct circular camber and taper will be de-
scribed first for a thin duct. Subsequently, the effect of duct
thickness will be discussed. The duct camberline shape is
assumed to be such that

dr./dz, = By — R:(2x,/c) (14)

Corresponding duct shapes, shown by the curves in Fig. 6
together with their mirror images, appear to be reasonably
representative of those used in practice. The constant R,
gives linear taper, and R gives circular arc camber. These
constants are assumed to be much smaller than unity so that
it is permissible to satisfy the boundary condition at the
projected cylindrical surface of radius P. The radius of the
duct trailing edge is held constant when camber and taper
are added, and the increased length of the duct leading edge
due to taper is neglected.

4.1. Duct Thrust for Axial Flow

For a duct with camber and taper there are three compo-
nents of thrust due to 1) leading-edge suction, 2) the surface
pressure distribution excluding both leading-edge suction
and the pressure jump across the actuator disk, and 3) the
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pressure jump acting upon the internal duct surface down-
stream of the actuator disk.

The first two components are independent of the location
of the actuator disk within a duct of specified shape. The
third component of the duct thrust is maximum when the
actuator disk is located at the minimum duct internal cross-
sectional area. For this location the disk area and disk
thrust are minimum for a fixed disk loading; furthermore,
the thrust ratio of the duct to disk is maximum. The thrust
coefficient of the duct and the ratio of the duet to disk thrust
are plotted in Fig. 7 for various duct shapes, with the actua-
tor disk at the minimum duct cross section, for axial flow,
and for a duct chord-to-diameter ratio of one-half. The
thrust ratio for hovering flight is also shown in Fig. 8 for
¢/D = % and various values of B, and R,. It can be seen
that the duct thrust and the thrust ratio increase with out-
ward taper downstream (4-R:;) and with inward camber
(= Ry), particularly when the propeller loading is high so that
Vo/7 is small.

4.2. Duct Coefficients and Pitching Derivatives
at Angle of Attack

At angle of attack, the effect of small amounts of duct
camber and taper upon the duct coefficients and pitching
derivatives are shown in Fig. 9. Here, the variation of all
of the f, that depend upon eamber and taper are plotted vs
V./7v, Ri, and R, for ¢/D = 4. Since the only f. that are
affected are those which are multiplied by a +/V, term, there
is no effect of taper and camber for a ring wing (v = 0). In
these results the thrust force and its moment on the duct
consist only of the contribution due to leading-edge suction
[Egs. (6) and (8)]. The thrust force and moment due to the
axial projection of the duct surface pressure distribution, in-
cluding the pressure jump across the actuator disk, are not
included.

It can be seen that the f, coefficients are generally more
sensitive to taper than circular camber and that the sensi-
tivity to both increases with increasing V,./v or with de-
creasing propeller thrust.
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As an illustrative example, consider the effects of camber
and taper on the normal-force coefficient of the duet for ¢/D =
%, ap = 10°, and v = (3)V,. From Eq. (5) this coefficient
is Cyposy = 0.171 fi + 0.174 fife.  For a thin eylindrical duct
Table 1 or Fig. 2 gives fi = 3.075 and f» = 0.530 so that
Crppy = 0.525 4 0.284 = 0.809. However, for a duct with
camber and taper (B, = 0.1, B, = —0.2) we obtain from Fig.
9 that f» = 1.081 and f; is unchanged, so that Cyp) = 0.525
+ 0.579 = 1.104. Hence, the duct normal force increases
379, because of camber and taper for the assumed conditions.

4.3. Effect of Duct Thickness

Small amounts of duct thickness cause a surface velocity
distribution that can be found from Refs. 13 or 14 and added
to the distribution previously determined for a thin duct.
Examination of the results given in Ref. 13 for a symmetrical
Joukowski airfoil with maximum thickness 7¢ and a duct
chord-to-diameter ratio of unity indicate the following.

1) The surface velocity distribution generated by thick-
ness is of the same order of magnitude as that generated by
the actuator disk and duct-bound vorticity for lightly loaded
propellers when 7 ~ +v/V, However, the effect of duct
thickness upon the surface velocity distribution becomes
negligible when the propeller thrust coefficient is large and
7KL v/Vo.

2) The effect of thickness upon the duct leading-edge
suction is small. For the above-mentioned ducted propeller
using a Joukowski airfoil the ratio of leading-edge suction
due to thickness to that without thickness is 0.085 7V,/v.
Thus, the effect of thickness upon leading-edge suction is
negligible unless vy << V.

For a ducted actuator disk there is an effect of thickness
which does not appear for a ring wing. This is the com-
ponent of thrust AT py due to the pressure jump across the
actuator disk acting upon the projected duct surface area
4 — A,, such that

AT pp = Ap(l — 4y) (15)
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This componet of thrust can be generated by duct camber,
taper, or thickness; it can be of significant magnitude for
duct shapes used in practice; and the effect due to thickness
is simply additive to the results previously obtained neglect-
ing thickness.

The effects of duct thickness upon the static coefficients and
pitching derivatives have not been considered. Except for
duct thrust, however, the foregoing results indicate that the
thickness effects are negligible when the propeller thrust
coefficient is large and 7 << v/ V.

5. Calculative Example and Comparison
with Data

As a calculative example the results given in Secs. 3.2 and
4.3 will be used to predict the forces and moments on the
ducted propeller configuration tested by Grunwald and
Goodson in Ref. 15. The test configuration is shown in Fig.
10. The propeller had three blades, and the stator had four
vanes. The taper and camber of the duct are small and will
be neglected, but the effect of internal expansion of the duct
due to thickness will be included in the predicted duect
thrust. The duct force and moment will be predicted at
20° angle of attack. .

For a thin eylindrical duct with chord-to-diameter ratio
¢/D = 0.611 we obtain from Fig. 2: f, = 3.30, fo = 0.54,
fo=1.95f = 0.93,f5 = 0.28, f¢ = 1.50, and f; = 1.90. The
propeller thrust coefficient was measured to be Crppy =
0.970. Using this value we obtain (Eq. (1)) v/Ve = 0.465,
and V;/V, sinay = cotay + (v/Vo) escap = 4.1.  The latter
value indicates that the initial assumption of small cross
flow is probably justified for the present example.

Substitution into Eqs. (5-8) gives the predicted force and
moment coefficients for a straight thin duct as Cyppy =
134, CTD(P) = 0442, and Cmmp) = 0.730.

The incremental duct thrust coefficient due to internal
expansion of the duct after the propeller, as given by Eq.
(15) with Ap from Eq. (1), is ACrppy = Crem (4 — 4,/4)
= 0.970 (0.211) = 0.204 and the total predicted duct thrust
coefficient is 0.646.

As a matter of interest, the three predicted coefficients
previoulsy noted are from 20 to 309, larger than those meas-
ured. Values predicted similarly at ap = 0°, 40°, 65°, and
90° agree with the measured data within +45 to —15%.
The lack of agreement is believed to be due mainly to neg-
lecting swirl in the propeller slipstream in Eq. (1) to evalu-
ate v/V, and also to neglecting the fairing that was added
on the upstream side of the duct to prevent flow separation
(Fig. 10). However, the initial assumption of small cross
flow may have contributed to the lack of agreement also,
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Fig.8 Thrustratio with duct camber and taper for hover-
ing flight and ¢/D = 3.
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since V;/Vy sinap became as small as 2.1 at the larger angles
of attack.

Data were taken by Platt!® for hovering flight and a ducted
propeller very similar to that used in Ref. 15 and shown in
Fig. 10. The duct-to-propeller thrust ratio can be predicted
from the present analysis including the effect of duct thick-
ness from Eqgs. (1, 6, and 15), with Vo = ao = 0 and with the
measured propeller thrust coefficient. The predicted thrust
ratio is 39, lower than measured in Ref. 15 and 79, higher
than measured in Ref. 16.

Data were taken by Grose! at small angles of attack with
a relatively thin and cylindrical duct having a chord-to-
diameter ratio of ¢/D = 0.475. The measured lift coefficient
of this duct at 6° angle of attack was shown to agree within
19, with the linearized theory for a short cylindrical duct in
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Fig. 9 Computed functions for a thin duct with camber
and taper and ¢/D = 3.
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Fig. 10 Ducted propeller configuration tested by Grun-
wald and Goodson.?

Ref. 7. Furthermore, the initial assumption of small cross
flow was justified since V;/Vy sinag = 9.1. The present
theory is in good agreement with the linearized theory and
the measured data for this ducted propeller.

In the comprehensive technical report from which the re-
sults herein are taken,'® the static stability and damping in
pitch are estimated for VITOL aircraft and torpedo configura-
tions that employ ducted propellers for propulsion. Also,
the theory is extended to include a first analysis of the ef-
fects upon the duct force and moment of flow interference
from an adjacent ducted propeller.

6. Conclusions

The following conclusions are based upon the preceding
analytical results for an isolated ducted actuator disk.

1) For hovering flight and a thin cylindrical duct, the duet
thrust becomes only slightly less than the propeller thrust
when the duct length becomes greater than its radius.

2) For a duct with circular camber, taper, and thickness,
the actuator disk should be located at the minimum internal
cross section for maximum duct thrust, thrust ratio, and pro-
pulsive efficiency. The duct thrust increases with small
amounts of thickness, with camber convex inward, and with
outward taper downstream.

3) The pitching moment about the center of a thin cylin-
drical ring wing at angle of attack is due entirely to the nor-
mal force and there is no moment from leading-edge suction.
The normal force moves slightly ahead of the duct quarter
chord with increasing duct chord-to-diameter ratio. The
addition of the actuator disk moves the duct normal force
aft slightly, but more important, the duet thrust force moves
off the centerline by as much as 0.71 of the duct radius
causing a large positive pitching moment.

4) The normal force on the duct at angle of attack increases
with outward taper downstream and with inward camber.

5) The static coefficients of the duet and the pitching deriv-
atives increase with duct chord-to-diameter ratio. The
present results are between 409, lower and 279, higher than
those obtained previously for short cylindrical ducts” when
the chord-to-diameter ratio is 0.4. The agreement is better
for shorter ducts and worse for longer ducts. Values gener-
ally increase with outward taper downstream, and with in-
ward camber when the propeller thrust coefficient is high.

6) Values predicted by the present analysis are in good
agreement with the duct thrust force measured by Platt®
during hovering flight and the duct lift force measured by
Grose!” at small angle of attack.

7) The present theory, including the effect of duct thick-
ness upon thrust, predicts the duct static coefficients meas-
ured by Grunwald and Goodson's within +45 to —159, for
hovering flicht and at angles of attack up to 90°. A
significant portion of the duct thrust is caused by internal
expansion after the propeller due to duct profile thickness.
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8) Frictional drag and real slipstream effects probably
must be included in the present analysis either to predict
an optimum duet shape or to achieve better over-all agree-
ment with measured data.
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